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FOREWORD

The work reported herein was supported by Rome Air Development Center, Griffis Air
Force Base, N. Y., under contract No. AF 30(602)-2232 and also as part of the
Lockheed Missiles and Space Company General Research Program.

This paper was presented at the 1961 IRE WESCON conference, San Francisco,

California, and has been submitted to the IRE for possible publication in the Proceedings
or in one of the Transactions. '
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THRESHOLD COMPARISON OF PHASE-1.OCK, FREQUENCY-LOCK AND
MAXIMUM-LIKELIHOOD TYPES OF FM DISCRIMINATORS *

J. J. Spliker, Jr.

Communications and Controls Research
Lockheed Missiles and Space Co.
Sunnyvale, California

Summary — In making a comparison of demodulation
techniques for FM signals, one of the most important
criteria for evaluation is the threshold input signal-~
to~noise ratio (SNR). It is at this value of input SNR
that the output SNR begins to decrease, substantially
more rapidly than a simple proportionality to the input
SNR.

The objective of this paper is to present a consistent
derivation of the threshold SNR for several major types
of ¥M discriminators, namely, the phase-lock dis-
criminator, the frequency-lock discriminator (FM dis-
criminator with negative feedback), and the maximum-
likellhood (a posieriori, most probable) computer, This
last diseriminator is of interest mainly because its op-
eration provides a bound on the performance of other

types.

The operation of the discriminators in the presence of
gaussian interfering noise is described, and the causes
ofthreshold are investigated. The probability of losing
the "locked on'' state of operation is computed. Curves
of the threshold input SNR are plotted vs. the ratio of
signal-to-modulation bandwidths, and these curves are
compared for the various types of disc riminators, Ex-
perimental confirmations of some of the theoretical
results are given.

Introduction

In making a comparison of FM-demodulation techniques,
oue of the most important criteria for cvaluation is the
threshold Iinput SNR. It is at this value of input SNR
that the output SNR begins to decrease, substantially
more rapidly than a simple proportionality to the input
SNR. Whena discriminator is onerating well above its
threshold and utilizes optimum filtering, it can be shown
that the ouiput SNR s iinearly related to the input SNR
by an expression that applies to almost any type of dis-
criminator.

The main contribution of this paper is the derivation
and comparison of the threshold input SNR for several
major types of FM discriminators, namely, the phase-
lock discriminator, the frequency-lock discriminator
(FM discriminator with negative feedback), and the
maximum-likelthood (a pnsteriori, most probable) com-
puter. The operation and threshold behavior of these
discriminators is analyzed in some detail, and thelnop
filters are optimized in order to minimize the value of
the threshold input SNR.

‘Thiis wark was supported in part by ARDC. Rome ADC,
Griffiss AFB, N. Y.
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Of the techniques discussed in this paper, an early
version of the frequency-lock technique was the first 1
to be presented in the literature. In 1939,J. G. Chaffee
described the use of feedback in an FM-demodulation
operation. This discriminator did not require a lim-
iter, but served both as an alternative to a limiter and
as a method of reducing distortion. 1,2,3,4 More
recently, interest in the frequency-lock technique has
been revived as a means for reducing the threshold
input SNR. ® However, to the author's knowledge, no
analysis of the threshold improvement is available in
the literature.

The frequency-tock discriminator analyzed in this
paper differs from the one used by Chaffee in that an
ideal frequency discriminator is employed inside the
feedback loop, whereas Chaffec's diseriminator didnot
use a limiter and was amplitude sensitive. (An "{deal"
frequency discriminator is defined as a device where
voltage vutput is proportional to the instantaneous fre-
quency of its input. It can be accurately approximated
by a wide~band limiter FM discriminator, or zero-~
crossing counting device.) This papcr analyzes the
performance and causes of threshold in the frequency -
lock discriminator and optimizes the loop filters so as
to minimizc the threshold input SNR.

The phase-iock ¥M discriminator and other phase-
locked circuits have received considerably more atten-
tion in the literature than has the frequency-lock dis-
criminator. The first papers analyzing this technique
seem to have appeared, about 1951.6,7.8,9 Thig get
of papers disrusses phase-locked circuits as applied to
the problem of recovering the reference phase of a
color TV signal. One of the more important applica-~
tions of phase-locked efreuits s in tracking systems,
and numerous papers have appeared in the literature
dealing with the design of phase-locked circults optim-
ized to track appropriate transients of phase. 10,11,12
Other papers have presented new design and analysis
techniques. 13, 14

This treatment of the phase-lock discriminator differs
from previous work in that it is aimed specifically at
the problem of demodulating an FM signal which is
modulated by analog intelligence having a low~pass
spectrum. The purpose of the analvsis is to determine
the threshold hehavior of a phase-lock discriminator
which has heen optimized (in a restricted sense) for
this tvpe of signal.

The maximum likelthond  FM diceriminater has been
derived previousls 3516 and jt has been shown that

one of its forms uscs the same configuration »f elements
as the phase-inck FM diseriminator hut that in this

form it requires a nonrealizable loop filter. This
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optimum discriminator can be realized, however, if the
received data can be stored on tape (as is done in some
telemetry systems) and processed by a special comput-
er. This type of demodulation is not practical for most
situations. Nevertheless. the study of its threshold per-
formance provides a useful bound on the threshold be~
havior obtainable with other techniques.

In this paper, the threshold is evaluated on the basis of
the expected percentage of time the discriminator will be
in an unlocked state. When the probability of being in
the unlocked state exceeds a certain prescribed small
value under optimized conditions, the discriminator is
assumed to have reached its threshold. Threshold is
evaluated on the basis of attainable operation with a sig-
nal that is frequency modulated by a sine wave whichhas
a maximum modulation frequency f,, and has a peak
frequency deviation fg. This modulation format is
generally useful both for performance evaluation and for
experimental verification. Stationary gaussian white
noise 1s assumed as the interference.

The discriminator-transfer functions for both the phase-
lock and the frequency-lock discriminators are optim--
ized under the constraint that they be of second order or
less. This constraint is imposed for practical reasons
concerning both the analysis and the implementation,
However, because of the stability requirements of these
feedback circuits, little improvement is expected for
higher-order transfer functions.

Phasc-Lock FM Discriminator

A block diagram of one form of the phase-lock FM dis-
criminator is shown in Fig. 1. The received data are
amplified by a band-pass filter, which has a bandwidth
Byt sufficient to pass the signal components relatively
undistorted, and enter the multiplier of the phase-lock
loop. When the discriminator is operating in its "locked-
on" mode, the sine wave generated by the voltage-
centrotled oscillator (VCO) tracks the phase of the in-
coming signal; the multiplier output provides the phase
carrection information necessary to keep the VCO track-
ing properly. The loop filter which has a transfer func-
tion F(p) removes much of the noise and high frequency
components from the multiplier output and hence reduces
their deleterious effect on the tracking operation.

Because of the nature of the phase-lock toop, the esti-
mate of the sigmal phase obtained by the feedback system
must be made in real time. A fixed delay T is usually
tolerable, however, in obtaining the final frequency esti-
mate at the veceiver output,  Therefove, post-detecetion
filtering (transfer function Fipd (0)) i< usually necessary
to obtain the optimum frequeney estimate when the T
sec. delay is allowed and the fiiter constraints arethere~
v relaxed. The operation of the post-detection filter,
however, does not affect the diseriminator threshold

and is of only minor concern in this paper,

It is common practice to precede the phase-lock loap
with an AGC amplifier having constant power output, or
a band-pass Hmiter (which alse has constant power out-
put),  These clements restrict the dvnamic range of the
loop input and cause the toop gain to be dependent only
apon the input SNR. If an {deal AGC amplitier is used,

LOCKHEED AIRCRAFT CQORPOPATION
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Fig. 1-Block diagram of phase-lock FM discriminator.

the statistics of the amplifier input and output are iden-
tical except for the appropriate gain factors, and, hence,
the SNR at the loop input is the same as that at the AGC
amplifier input. If a band-pass limiter is uscd instead,
the input and output SNR differ only slightly and are
related by 17 (SNR)oyt = @ (SNR);, where /1 = @ = 2,
if (SNR)in >>1, we have a ~ 2, and if (SNR), <<1,
we have @ = 7/4. The noise statistics change consid-
erably on passing through the band-pass limiter, how~
ever. and care must be used in applying this SNR re-
lationship.

The ideal AGC amplificr is used in this analysis, al-
though the results are shown to apply closely to the band-
pass limiter as well. I the output power of the AGC
amplifier is denoted by P, then the output signal
amplitude E is related to the output nolse power hy
E2/2 + P, = Pr. Since input and output SNR are
tdentical for the amplifier, the signal amplitude Is ex-
pressed by

B=ver /iy (1)
where r a 1/(SNR);,, -
Linearized Equivalent Circuit
The first step in the analysis of the phase-lock loop is
to compute the low-frequency terms that are present in

the multiplier output.  For this purpose, let us express

the signal component at the output of the AGC amplifier
as

Esin [wat « 4t ]
where
1

ity = / fly du

-
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the phase modulation produced by a frequency modulat-
ing message waveform f{t) . Define the VCO output
as

5(t) = A cos [wot + ¢ (1) ]
and the noise at the multiplier input as
n(t) = N(t)sin[ wot + b (L) ] .

Then, by referring to Fig. 1, the multiplier output
x (t) can be expressed as

2x(t)/A

Esin[o) - ()] + Nty sin [#(t) - $t)]

E [sin e(t) + ¢>n(t)]

where terms in the frequency range 2f have been
neglected, the phasc error is denoted by € & ¢ - &,
and
A . : ~
¢ 1) S [N@)/E]sin [ - d(t) ]

The first term in this expression represents a phase

correction term, and the second represents interference.

When the discriminator is operating above threshold,
the phase of the VCO is closcly tracking the phase ofthe
signal, f.e., dM) ¥ (t). Inthis paper, the signal and
noise components are considered to be statistically in-
dependent. Thus, when the discriminator is operating
above threshold, the power spectral density of ¢ (1)
can be expressed approximately as the low-frequency
portion of the convalved VCO and noise spectra; i. e.,
l‘IZGd’n(f) S Ga(h Gn(f) .

where G'bn(f) , (E; (fy, and (.n(f) , represent the

power speetra of g‘rn ), §(t) , and n(t), respectively.

The phase correction term E gin ¢ can he approsimated
by the piecewise lincar curve shown in Fig. 2. In the
vegion of phase crvor, [e] - 1 the multiplier output is
approximated by

exi/a~ E[cny v o 0 )= E[a w-am] @

where ¢ :\ & ¢ ¢ and can be termed the equival -
ent plmsv“ input Thit last evpression leads to the Hin-
earized equisalent cireuit for the phase-lock loop shown
in Fuz 3.

This circuit is equivalent to the actual nonlinear civenit
in that the leop-filter input i= identical with that given

w12, and hence the outputs of the tu o eircuits are the
same. Notice that in this context, the term A ) can

be considered the equivalent input phase noise it canbe
shown to be approximatelv the same ac the phase noise
term that would appear at the output of a bandpass Iim-
iter at high input SNR (> 1. Hence, the use of 2 bhand-

LOCKHEED AIRCRAFT CORPORATION
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Fig. 2-Phase correction term for the phase-lock loop.

EQUIVALENT PHASE
INPUT

Sl 4 (1)

! a?(!)

FREQUENCY
ESTIMATE

1' g/p [l

Fig. 3 Linearized equivalent circuit for the phase-lock
foop.

pass limiter at high-input SNR is not expected to per-
form differently than with the AGC amplificr. At low
SNR, the output SR of the bandpass limiter is n/4
times the input SNR, or only 1.0 db below the input SNR.
Hence, the results compated  on the basis ot an AGC
amplifier should correspond closely to those for a band-
pass limiter,

The transfer function of the lincarvized circuit (equival-
ent phase input-to-frequency estimate) is

‘j () Re Fp)
e (M 1R FM/p

l\hor(‘ 7 (py and q»‘_ (py are the i aplace transforms of
f(t)y and &, (1), respectively, and we define

£, EAE/2, the equivalent gain. Hence, the phase-
transfer function fequivalent phase input-to-phase esti-
mate , transfer function and the transfer fundtion of
cquivalent frequen - v-to-frequency estimate) is express-
ed by

o 'i“J“ 2, Fpp

Haw . .
) L PGl 1+ g Fimp

shere ¢ opy i the founer transform of 4
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Two types of phase-error components are present in the
loop—transient error and noise error. The transient
phase error is defined as the error in ¢ which is de-
pendent only upon the input signal; it has the transform
Et (p)

E,® = ¢@[1-HE)] 4)

The phase-noise error is defined as the error in the
phase estimate which is dependent upon the input noise,
and it has the transform E_ (p)

E (® = & H(p) (5)

Both (4) and (5), of course, are based upon the assump-
tion that the linearized analysis is a good approxima-
tion. These expressions are used in the next section

to evaluate the discriminator performance.

The dynamic (frequency-tracking) range of the dis-
criminator Af is a fundamental parameter of theloop
and is defined as the maximum steady-state frequency
shift that can be produced by the VCO. The maximum
average multiplier output occurs with ¢ = /2 and
has the value xp,x = EA/2. Notice that on thebasis
of the linear model, this maximum frequency shift
occurs for € = 1. The corresponding maximum VCO
frequency shift is Af = EAg F(0)/2 = g F(0).

The product g, F (0) represents the dc loop gain, and
it is convenient to define the quantity g, = g, F(0)
for use in the next section.

Threshold Effect

In the piecewise linear approximation to the phase cor-
rection term of the actual phase-lock loop, the correc-
tion is linear with respect to phase error for |e] < 1.
If | €] should exceed 1, the linear behavior no longer
holds —the phase estimate becomes highly distorted,
and the loop can be unstable. In this paper, the dis-
criminator is considered to reach its threshold when
the input SNR decreases to the point where the proba-
bility of having | €] > 1, computed on the basis of the
linearized analysis, exceeds a prescribed small proba-
bility. More specifically, threshold is defined to occur
when the rms value of the total phase error g4 = 1/2.
A certain degree of arbitrariness is inherent in any
definition of threshold.and this one is no exception. It
is difficult to specify at just what probability of losing
lock, or how far below the linear behavior of the output
SNR curve, threshold should be said to occur. However,
some measure of the arbitrariness is removed in a
Iater paragraph where the probability of losing lock is
computed as a function of the input SNR. The curve of
probability of losing lock vs. input SNR which is obtained
gives insight into the variation of the diseriminator
performance as the input SNR vanes slightly above or
below its threshold value. In tvpes ot FM discrimina-
tors which track the phase or frequency of the input
signal the percent time out of lock is perhaps a more
meaningful measure of performance thanthe output SNR
because near threshold large errors in the estimate
occur in bursts. In the time intervals between bursts,
the output noise level is relatively small. and the accu-
racy in the message estimate is relatively good.

LOCKMHEED AIRCRAFT CORPORATION
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Threshold is evaluated on the basis of a signal which '
has a sinusoidal phase modulation of the form

o) = (fd/fa) cos w t

where f; =f the maximum modulation of frequency
and fy is the peak frequency deviation. The transient-
phase error with this modulation is a sinusoid of fre~
quency f, baving a peak value

€ = (/8 [1 - HGw)] 6)

The value of peak transient error used for the thres-
hold determination is the maximum value of

¢, for £ =f
a

t m’

The phase noise has a mean square value

o2 - G @ IHGe) P& @

—00

Thus the total rms phase exror is

|

. 1/2
2 2 |
O'T = (et /2 + an) |
can be computed from (6) and (7); this quantity deter- ‘
mines the threshold. :

The closed-loop transfer function considered in this
paper is constrained to have the form '

1 + a
Hp) =~y (8
1+ blp + b2p2 )
Appendix A shows that the approximately optimum

form of this transfer function for large deviation ratio
is

Jtowp

H{p) = (1)

1 + ap + .'12[)

This transfer function is approximately optimum for the
deviation ratios of main interest in this paper
A

n:fdfm)l'

The loop filter required for the realization of this
transfer function is the RC filter depicted in Fig. 4.
The closed-loop attenuation characteristic |H (jw) | is
plotted in Fig. 5. The peak transient error occurs for
{a = f“] with this filter.

It is shown in Appendix A that the input SNR is rclated !
to the peak transient error and the phase noise hy the
expression

. i
(SNR); 2 /2 n (10)

n t

v
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Fig. 4-RC loop filter for the phase-lock loop.
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F{g. 5—Closed-loop attenuation characteristics for the
phase-lock loop.

The value of a usedis a = cll/z/mel/z. The

quantity Br{ denotes the equivalent noise bandwidth of
the RF amplifier.
If this expression is minimized with respect tc ¢; for
a prescribed rms total error, it becomes
© ]
ﬂ)x/ 2g 172
(SNR)in = e ——

. e
for ¢ = V2/5 I+ o,

threshold SNR is given by

= V475 d.. . Thus the
T

(SNR), 1 = 8.9 - (11)

Consider that the RF filter is single-tuned and has a

3 db bhandwidth 2(D + 1)f,,, then the equivalent noise
bandwidth is B¢ = #(D + Df, . The threshold ex-
pression (11) then becomes

~ 1/2.
(SNR), = 8.9 D/S/D + 1)

LOCKHEED AIRCRAFT CORPORATION
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Notice that for large deviation ratios, D >> 1, the
threshold input SNR is proportional to p-1/2, Equa-
tion (12) is discussed further in the final section of the
paper.

The probability that the phase error will exceed the
threshold error | €| = 1 based on the linearized
analysis, can be computed as a function of the input
SNR. If the phase noise in the estimate is assumed to
be approximately gaussian, then the total phase error
is the sum of a sinusoid plus a gaussian term; the sta-
tistics of this sum are available from the literaturel8,
At threshold, the probability of exceeding | e] = 1 is
about 0.043 . The probability oflosing the locked-on
state is plotted in Fig. 6 under the assumption of a
fixed linearized closed-loop transfer function H(p).

1.0 l ( |
-
. < PROBASBILITY OF
-y LOSING LOCK

¥ ~

O b Y

] 0. = N A

© - AN

Z o043 N d

§ o X E— /

. L |

Y |

5 0.0l

H =

a —

]

e [

[+ %
n

o001 L1 L L 1 I I\ W I

-6 -4 -2 0 2 4 6 8 10

(SNR);, /(SNR); (db)

Fig. 6 -Probability of losing lock for the phase-lock
loop.

Because of nonlinear effects, the probability of losing
lock is assumed to be essentially unity for input SNR
below the threshold value. When the discriminator
loses lock, it must go through a rather complex lock-in
operation beforc lincar operation is resumed.

Output SNR

When the post--detection filter is properly optimized at
high-input SNR for a low-pass modulation f(t), the
combined transfer function of the phase-lock loop and
the post-detection filter has a constant attenuation
characterisiic and a linear phase characteristic for
YEo- fin - The filter greatly attenuates frequency
components ahbove the modulation pass-band [f] > f, .
When the probability of losing lack i< small, the input
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and output SNR of the complete discriminator can be
shown to be related by the expression

2 ri

(SNR)_, = 5 D T (SNR) (13

oo

A sinusoidal frequency modulation having a peak devia-
tion fd = Dfm s

Experimental Results

A phase-lock FM discriminator has been constructed
with filter parameters based on the theory presented
herein; it has the following modulation characteristics:

Message bandwidth f = 2ke

m

Peak {requency deviation fd = 10.5ke

Deviation ratio D =5.25

Equivalent noise bandwidth Brf = (r/2)60kec = 94kc

This experimental discriminator utilized a band-pass
limiter rather than an AGC amplifier. However, it is
not expected to alter the discriminator performance
significantly from that produced by the AGC amplifier,

because the main region of interest is for input SNR = 1.

A measured curve of output vs. input SNR for the dis-
criminator is plotted in Fig. 7. A theoretical curve is

* B
1A
THEORETICAL -
CURVE prad
40 -’V
/’ﬂ
~ - -
8 o«
~ 30 —
. x*® MEASURED
£ L POINTS
(/2]
A
'é 20 i
o -
X
10 i
|
B X
ol I L L 1 ) 1 1 1

.6 -4 -2 0 2 4 6 B8 10 R 4
INPUT {SNR),, (db)

Fig. 7 Measured curve of output vs. input SNR for the
phase-lock discriminator.

plotted in the same figure which obeys (13) for input
SNR above the threshold value and drops to zero at and
helow threshold,  The threshold input SNR computed
from (11) is 1.4 db. There is good agreement between
the measuied and the theoretical curve. It can be seen,

however, that the output SNR decreases noticeably below

the linear curve at input SNR, 2 db above the threshold

value; at threshold, the output SNR decreases to + 21 db.

LOCKHEED AIRCRAFT CORPORATION
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A measured curve of the fractional time out of lock* is
shown in Fig. 8 along with a theoretical curve based on

1.0 = ~
- \ x * MEASURED
o \ POINTS
x
1] - i
3 \
‘6’ 0.1 =
- - \
R N
-
: = '
g THEORETICAL )
= 0.01 1 H -
5 S CURVE 7
= - \
[™ _‘_'_ ‘
R THEORETICAL \
THRESHOLD — | .
\ \ \
0.00! 1 1 i l 1 L L | X

-8 -8 -4 -2 0 2 « & 8
INPUT (SNR);, (db)

Fig. 8—Measured fractional time out of lock vs. input
SNR for the phase-lock diseriminator.

Fig. 6. (Note that the fractional out of-lock scale is
logarithmic.) The agreement between these curves is
quite good. The measured value of the fractional time
out of lock is 0.043 db for an input SNR (threshold) of
2.2 db, which is only 0.7 db above the predicted thresh-
old. The measured fractional time out of lock curve
changes at a rate greater than that given by the steeper
linearized analysis under the assumption of gaussian
noise, but does not, of course, have a sudden disconti-
nuity at the threshold. A partial explanation for the
steeper slope can be found by noting that thesc measure-
ments were made using a bandpass limiter and, as a
result, the phase-noisec statistics deviate from the gauss-
ian statistics that have been assumed. If the limiter
effect is taken into account in computing the curve in
Fig. 6, the theoretical curve would be considerahly
steeper in the region above threshold and agrce more
closely with the measured data of Fig. 8.

*The {ractional time out of lock is determined by mea-
suring the fractional time in which large bursts of
noise appear in the loop output. These noise bursts
are at least an order of magnitude larger than the
noise level between bursts and hence, are readily
separated from this amhient noise.
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Frequency-Lock Discriminator

Description

The frequency-lock FM discriminator is shown in block
diagram form in Fig. 9. As the figures shows, the in-

INPUT
€ sin w14 9(1)
+n (1)

BAND-PASS

AMPLIFIER [
W(”

IF IDEAL LOW-PASS
AMPUFIER —|  FM L1 FILTER |
Fp o) oIsc. F(p)

 ,~9=1/a cps DEVIATION / voLT

VOLTAGE
—{CONTHOLLE T,
08C. =i
A
FREQUENEY [ POaT-
ESTIMATE o~ |DETECTION | |
-t FILTER
() FoelP)

a
Asin [(wgtw,) 1 +d(1)]

Fig. 9-Block diagra™ of the freguency-lock FM dis-
criminator.

coming signal plus additive gaussian white noise is first
amplified by a band-pass amplifier of bandwidth Brf suf-

ficient to pass the signal with low distortion, and is then
mixed with ¢ s.auscid g2nerated by the VCO. When the
discriminatior 18 trazl"-u properly, the instantaneous
frequency of tine “"CC - closely tracks the instanta-
neous frequency of the signal with a lixed IF frequency
off-get, f. ... Ii ke devt v itio is greater than unity,

the condition o! great.. 41 -rest in this paper, then the
residual frequen.'v deviation of the signal after mixing
can be considerubly les < than thot of the RF trans-
mission Because of !* .~ reduciion in the deviation, an
1F amplifier bandwidth less than the RF bandwidth can
be used, and much of the noise can be removed before
the signal reaches the FM discriminator inside the loop.

The ideal FM discriminator used in this loop generates
a voltage output proportional to the instantaneous fre-
quency of its input. This discriminator provides a cor-
rection voltage which is dependent upon the frequency
tracking error. The loop filter F(p) serves to eliminate
much of the frequency noise from the discriminator
while it passes the modulation componengs with low dis-
tortion; the filter output is the estimate {(t) of the modu-
lation. A post-detection filter F_ (p) is used to obtain

the optimum estimate of the modulation with a time delay
T, i.e., fo(t - T). As was truc with the phase-lock

loop, the post-detectinn filter does not affect the dis-
criminator threshold.
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Linearized Equivalent of the Frequency-Lock Discrim-
{nator

The analysis of the frequency-lock discriminator begins
with the computation of the components in the mixer out-
put. It is convenient for this purpose, to express the
signal and VCO output waveforms in the forms:

st) =E sin[w t + ¢t)]

and
5(t) = A sin [(w0 + ot + 4]
where ¢
o) = | f(udu
o
and

A
o(t) = j f()dp.

o .
If we again represent the noise as
n(t) = N(t) sin [wot + ()],

then by referring to Fig. 9, the mixer output x“,(t)
can be expressed by

2x,p()/AE = cos [/t + $() - $(t)]
+ B cos [w et + 40) - $1)]

= cos [@ L+ 80 - 3]+ ny)
where
ny) & [NW/ET cos [wypt + () - $)] -

Terms in the frequency range f + f are neglected,
The first term in this expression s the frequency cor-
rection term; the second is an iaterference term caused

by the noise input. The residual frequency deviation
in the correction term can he defined as

Lo 2m-ro.

Consider that the noise n(t) is gaussian; then the noise
term in the mixer output is also gaussian. When the
discriminator is operating above threshold the fre-
quency modulation and the estimate of this modulation
are approximately equal. Hence the spectrum of

ng(t) is approximately equal to the low frequency por-
tion of the convolution Gé(f)‘Gn(f) .

The mixer output is passed through an IF filter having
a symmetrical (kigh Q) single-tuned response and a

3-db bandwidth B._. . The transfer function of this
h IF
filter is

-1
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1
Fro) = n
IF 1+ (p- JwIF)/nBIF

1
+ -
1+ (p+ JwIFV”BIF

This transfer function can also be =xpressed in the
forms

Fip (1008 [F (i) 909

= F (o - jopp) + F (0 + jur)  (14)
The function F, (jw) is the low-pass equivalent of the
IF filter.

The signal component at the IF output is distorted by
an amount which is dependent upon a complex relation-
ship between peak value of the residual frequency devi-
ation f,.,, the maximum modulation frequency fy, ,
and the IF bandwidth Byp - Baghdady19, however,
has shown that a quasi-stationary response is obt'unea
with a single-tuned high Q filter if 4f frp << BIF

the quasi-stationary approximation, a sinusoid of in-
stantaneous angular frequency wl(tf on passmg through
a filter having a transfer function FIF?“’) exp jo(jw)
is amplitude distorted by IFIF [le(t)] and phase
distorted by @ []w (t)] In this treatment of the fre-
quency-lock discriminator the IF bandwidth is consid-
ered to be large enough so that quasi-stationary analysis
is a good approximation, and the signal component in the
IF output is represented by

%AEIFIF[jwr(t)]lcos

t
Wrpt * L wr[u - O'GwIF)]dul
(15}
where w(t) S on f’_(t) is the residual angular modula-
tion, and 0'(jwig) is the group delay of the filter,

l)'(jw)é d0(jw)/dw . Therefore, the main effect on the
residual frequency modulation is a delay of 0'(jwy )
sec.

Denote the IF output noise component as

n”(t) = N",.(l) sin [wlFt + ;j‘lF(t)J .
If the residual phase modulation of the signal is denoted
by &,(t), thenthe frequency noise component in the
discriminator output is the derivative of the phase nolse

dnp() . By the use of a phasor diagram this phase noise
can be evaluated as

-1 . 55 . )
o tan [I\”.(t) E]sin [u”.(l) - or(t)]
[Njp@) Flsin L@ - 6 @] (i6)
i IN ]
At SNR above threshold, the assumption that

!Nl l_.(l)' << Eas a valid one. It can be seen that 1f the
residual modulation, fr(n = dae(t) di. is smali,
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then the Fourier transform of ¢,(t) . denoted as
$pijw) is approximatelv equal to

¢ (0) = N,(w) F, (o) (162)
where /\/ﬁ (jw) is the Fourier transform of
N, = [Nw)/ETcos [u(t) - #)] -

Thib last expression shows the phase noise to be the
ame as a heterodyned version of the mixer output
noise, namely, _N (t) , which has been filtered by a
low-pass equlvqlent 1« a(jw) , of the IF filter. How-
ever, the assumption that this statement is based upon,
namely, f.{t) = 0, is not completely accurate.

Nevertheless, 1t can be seen that when the discrimina-
tor is iocked on, the signal component in the mixer
output, cos rwwl + ¢t} | . is of small enough band-
width to pass the 1F relatnvoly undistorted. Hence, the
additional phase modulation ¢.{t) , which appears in
(16), is not large enough to change greatly the power
spectrum of ¢, (t} from that which would be obtained
from (16a) .

Under the conditions stated ahove, therefori-, the out-
put of the idcal discriminator is

_ A y 4o 0
ke [t-o6o 0] 50—

where k is the giain of the discriminator,
The approximate Fourier transform of this term 1s
k[[700) Fha] s NG| FGe)  ea)

where 7(w) , FOw) are the Fourier transforms of
f(t) and f{) , respectively. The approximation is
made that the dominant effect ot F_(jw) on the resid-
ual frequency deviation term is to eiuse the delay
(J'(ju'“:) as in (15)

Tous by reference to Figo 9 and (16a) it ean he seen that
the Fourier transform of the frequency estimate is
approximately equal to

aFGa)  wF ) Flied [ ) - e - T, 0w)]

where ,‘7," (jw)" L\ (i) 15 the trapsform of fha(t) |
the equivalent Iu-quvm) noise input, Under conditions
of locked-on operation, the frequencey estimate obtained
by the frequencyv-lock diserinnnator can be seen to be
the same as that provided by the linearized equivalent
circuit shown i Fig, 100 The clnsed-loop iransfer
function of this crreuit 15 CH@ o 0 F00) e where

£ F_(u)Faw)
A TG ™ (7
T Owy 1o Fe)FGn)
and the equivaient gain S kit

o

As was troe with the phice Jock toon, 1o Tvpes ot
Crror cotnpone pte are procueed i the e <timation
procese — transient error apd anoise crror. The
transient frequency crror, which rosuits from n
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| [
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Fig. 10—Linearized equivalent circuit of the frequency-~
lock loop.

frequency modulation having the transform JF(jw) ,
has the transform f'it(jw) .

FGw) = JGw) [1 - Hiw)] (17a)
The output frequency noise has the transform

0@ - 9, Gw) Hie) (17b)
Threshold

In an "ideal FM discriminator,* the output SNR begins
to decrease, substantially more rapidly than the first
power of the input SNR when the input SNR goes as low
as +10 db. In the frequency-lock discriminator, the
threshold effect occurs when the SNR at the input to the
ideal discriminator decreases below 10 db, and signal
suppression effects begin to he of significnncc.zo This
IF SNR can decrease to its threshold value from two
causes: (1) The noise power at the input to the fre-
quency-lock discriminator can increase relative to the
signal power. (2) The residual frequency deviation in
the mixer output can increase to the point where the
signal component falls outside the 1F pass-band and is
attenuated relative to the noise and otherwise distorted.
The objective of the optimization that is performed in
this paper is to adjust the IF filter bandwidth, the loop
gain, the loop-filter transfer function so that these two
causes of threshold occur at as low an input SNR as
possible.

The optimization is to be performed by minmimizing the
“ms total frequeney error o¢p by properly choosing
the Toop transfer function (‘oc‘[l;i(‘ionts. The 1F-filter
3-db handwidth By is then given the smallest possible
value to permit significant distortion of the signal com-
ponent (IF frequency correction component) to begin at
threshold., The signal component in the IF is considered

*Broad-bandwidth pulse counting or Foster-Seelv tvpes
of FM discriminators are good approximations to an
wdeal FM discriminator

LOCKHEED AIRCRAFT CORPORATION
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to require a minimum bandwidth of approximately
2(f + Y2 opr) for low distortion when the maximum
modulation frequency is fy, . Notice that for sinusci-
dal frequency error, the peak error deviation is V2
times the rms frequency error. Threshold is said to
occur when the IF bandwidth has this value, and the IF
output SNR decreases to 10 db.

The frequency modulation of the signal is assumed to
have the form {4 cos wat where w, < wp, . When the
discriminator is locked-on and the linearized analysis
(17a) is accurate the peak transient error ftp has the
value

ftp = fdl 1~ H{jw)} (18)

The rms frequency noise error can be found from (17b)
to be

o - [a ®Ingel?a (19)
n - ‘ne

where ane(f) is the power spectral density of fhe(t) |
the equivalent frequency noise input.
The closed-loop linearized equivalent transfer function

of the frequency-lock discriminator is constrained to
have the form

Hpp) = gMl + b, p+ b, p%)

Appendix B shows that the approximately optimum form
of this transfer function is

Hp) - ——E—

1+ hp+ hpz/w
m

The loop filter used to obtain this transfer function is
shown in Fig. 11. The peak transient frequency error
(18), now occurs when the modulation frequency is at

v LOOP FILTER TRANSFER
FUNCTION

92¢: Fip l+ogp

R2 1 92 1+9, ps oy p?

R, = ARBITRARY
]
Ry = Rz(‘a‘h-')

C =0, /R;

a3 I/® B¢

9, = (14 g5)d

L =(02/70a09)R; 02= (14 go)b/wy

Fig. 11- RLC lonp filter for the frequency-lork dis-
criminator
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s B

its maximum f With this transfer function, the peak

transient and noise frequency errors are related to the
input SNR by the equation

1rf3f2

(SNR) = m‘; 5 (21a)

o, £
rf fn tp

Thie relationship is obtained from (19) by setting

1/2, 2
ftp

W

b= ftp/z

the value obtained by solving (18) for b with fa = fm
Now, for a given (SNR)in’ the rms total error

3 2
opp =\ fp /2 * K8

is minimized with respect to ftp by setting

1/2 _ /21/2 .

ftp/Z o =

n fT

By using (212) the rms total frequency error then can
be expressed by (see Appendix B)

1/4
2nf
1/2 m
o =1 D e (22)
T 'm [Brf(SNR)in]
The minimum IF bandwidth consistent with thie fre-
quency error is then

B = 2(, + V20

1/4
2nf
1/2 m
=2f <1+ (2D) 5T (23)
m [Brf(SNR)T]

where the threshold values (is yet unknown) of Ter and
input SNR are used in (23).

The threshnld value of input SNR occurs when the IF
SNR reaches 10 db. Since the equivalent noise band-

width of the single-tuned IF filter is rrB“,/z. the thresh-
old Input SNR (SNR)T is expressed by

J -— B .
(SNR), - = (SNR)._"rf - 10
I
2 1F

or

(SNR) = 57B, . B eh
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where B¢ is the noise bandwidth of the RF filter. By

substituting in (24) the expression for B]F' (23), we

obtain
1/4

107f
m

Brf

2nf

/2 m
Brf(SNR)T

(SNR), = 1+ @Dyt

If we define (SNR)TBrf’/zﬂm 2 X, then this equation can

be rewritten as D = %(x/s - 1)2\/'x, a relationship plot-
ted in Fig. 12, As can be seen from Fig. 12, if

400
) =
Q -
g§*r ==
- 4
8 [ P
& L 7S ASYMPTOTE D>
- x=(s00)?/®
§ / -
-
L
g s -
[~ ASYMPTOTE D<=t
§ L]
"
%3
z
1 edeamal b b L 1L | Ll 11l i 1L 1litit I N )
! - 10 10 100 1000

DEVIATION  RATIO

Fig. 12-Normalized threshold input (SNR)T as a func-
tion of the deviation ratio for the frequency-lock
discriminator.

‘e
D>>1, thenx = (50D)2’ T s good approximation. lor
D << 1, the normalized SNR x approaches & minimum
value of 5. This curve allows the determination of the
threshold SNR for an arbitrary RF handwidth Brf'

A relation of even more interest is the curve of thresh-
old SNR as a function of the deviation ratio D when
Brf = (D + l)fm, its minimum value for low distortion.

Then the threshold can be obtalned from ¥ig. 12 by the
relation (SNR)T = 2x/(D + 1), and the result is shown in

Fig. 13. As can be seen from the figure, the threshold

IDEAL" FM DISCRIMINATOR L

T T ITII‘
I

L

ASYMPTOTE D+
(SNR)y -a 6D Y

[} SRS S

THRESHOLD (SNRJy (db)
[~}
llll‘
i
|
;
b
l

18 A L i1i IR Y 4 g1l 110
1 [Rs} 0 (8. 4] 00
DEVIATION RATIO O

Fig. 13 Threshold (SNR)T as a function of deviation
ratio for the frequency-lock discriminator,
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MISSILES ond SPACE DIVISION




LT

is approximately 10 db for D =< 1, and it decreases ap-

proximately as 9.6D-3/5 for D > 1,

Experimental Measurements

An experimental frequency-lock FM discriminator has
been constructed in accordance with the theory pre-
sented in this paper, and its performance has been
measured. The discrimrinator was designed to demod-
ulate a wide deviation FM signal having the following
parameters:

Maximum modulation frequency fr;q = 1.5Kc¢
Peak frequency deviation fd =1 Mec
Deviation Ratio D =667

A single-tuned RF filter is used which has a 3-db band-
width of 2 MC; hence, Brf = 7(l Mc)=nm{(D + l)fm.

Figure 14 shows the measured fractional time out of
lock for the discriminator as a function of the input
SNR. The theoretical threshold value of input SNR based
from Fig. 13 is -7.0 db. This prediction agrees well
with the measurements which gave a 5 percent time out
of lock at input SNR hetween -6.5 and -7.0 db.

1.0 g% * “P\!\

\
B ' % ¢ MEASURED

\ POINTS
|
o1 4

TTHIT

1

IR IULLL
r

FRACTIONAL TIME OUT OF LOCK
¥

oo
: ]
-
| preccTED
[ | ™RESHOLO™]
L]
0001 1 1 i 1 3| | 1
-4 -2 0 -8 - 4 .2 o 2

INPUT (SNR),, {db)

Fig. 14 -Measured value of the fractional time out of
lock vs. input SNR for the frequency-lock discrim-
inator.

The outpui SNR for the discriminator was atso measured
as i function of the input SNR. Because of extraneous
circuit noise, hum, etc., the highest output SNR mea-
sured was 51 dh. The output SNR did not decrease sub-
stantially below this value until the input SNR was re-
duced to a threshold value of between -5.5 and -6.5 dt.,
just as expected from the other measurement. The
threshold effect was very prominent. When the input
SNR was decreasedto -8 Sdb, the output SNIU decreased
sharplyv to approximateiv unitv

LOCKHEED AIRCRAFT CORPORATION

Maximum l.ikelihood FM Discriminator

Description

As mentioned in the introduction, the maximum-likeli-
hood FM discriminator can take the same form as the
phase-lock loop. However, in that form, it requires

a nonrealizable filter. As a particular examvle, let us
consider that the frequency modulation has a low-pass
power spectral density Gg(f) of the form

i}

2
G; (D) fd/4fm for |f] =f

=0 |f|>xl

/2

where fd/21 is the rms frequency deviation, and
f is the maximum modulation frequency. The inter-
fering noise n(t) is considered to be band-limited
gaussian white noise having a constant spectral density
Gp(f) = N, inthe signal pass band. Under these con-
ditions, the maximum-likelihood FM discriminator can
be shown to have the form shown in Fig. 15. The loop
filter Fu(p) is nonrealizable becuuse it corresponds
to a filter impulse response which is nonzero for t « 0.

mn

RECEIVED DATA
E sin {wot+ @ (1))

FREQUENCY ESTIMATE

it afin
&_—®.~ FILTER -— .
Fo (lw)
|

_Jw g

Follw)= _f-“‘—N—o——
VOLTAGE-
CONTROLLED

Ain [wot +P(1)] | OSCILLATOR

Fig. 15 Maximum-likelihood FM diseriminator.

An approximate computer realization* of this estimator
is shown in Fig. 16. This computer operates on recorded

*The maximum likelthnnd estimate canalsa he obtained
by using an a posteriori probability computer. The com
puter of Fig. 16is discusced here hecaunse it most re-
sembles the form of the phase-locklaop. Both realiza-
tions required the nse of a conplex tvpe of waveform
generator.
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Fig. 16—An approximate computer realization of the
maximum-likelihood FM discriminator.

time segments of the received data 7 sec. long. It
uses a complex type of waveform generator which gen-
erates a large number of modulating function which are
samples T sec. long of a waveform having a power
spectrum Gg(f) as in (25). Obviously, the number of
waveforms to be generated is intolerably large for any
but the most simple classes of modulation functions.

The linear filter used in Fig. 16 is an arbitrarily good
approximation to the optimum Fo(p) and is realizable
because it allows an arbitrary delay of T sec. in the
estimation process. The computer operates by com-
paring the waveforms f;(t) at the filter output with a de-
layed version of the test modulating waveform fj(t). The
pair that matches {s the maximum likelthood estimate
and that fj(t) is the identical waveform (except for a
delay) as is obtained by the estimator of Fig. 15.

To compute the threshold of the maximum likelihood
estimator, we make the identical set of calculations as
were made for the phase-lock loop, except that the
closed-loop transfer function is now of the form

i
d0w) a ) l’s(‘-f(f)/frrso 7
oGy - HO@ - - o

1 P_GUN/EN

o 2
where Pg = E/2, the signal power, and Gg(f)/f" i«
the power spectral density of the phase modulation

¢ {t). Definc

A - 2|’m/llrffd(SNR)in

where (SNR)(n = Ps/zgrf N, and B¢ is the equiv-
alent noise bandwidth. Then the closed-loop transfer
function simplifies to

Hier ~ 1oy (1] - 1
126)

S0 jf! >
m
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The parameters of this filter change with the (SNR)j, .
However, in this paper where threshold is the most
important effect, the filter is fixed and optimized for
the threshold value of (SNR);,. Thus, the filter time
constant is chogen A = 2f, Brf (SNR)-.

As in the previous computations, threshold is computed
on the basis of a sirusoidal frequency modulation,

i(t) = fgsin wyt. 'l‘lzle peak transient phase error is
i = 2(A/D)/(1 + A/D”).  The mean square phase
noise error is

Rl Y P RIE
00 n
where Gd> (f) is the equivalent input phase noise spec-
n ) )
trum and G‘bn =1/2 Brf (b.NR)in in the low~frequency

region where H(jw) >0  The mean square phase noise
can be evaluated as

f
02 ~ AA__}_» m 7»_»(‘“ o
v B R 2
no B SNRL G s ard
,_‘ - -
= '—-M:}“-—q + %\--‘)‘ tan™! Vi/D
1+ A/D°

Define the threshold 1o aoccur when the rms total error,
o reaches 1/2. The equation defining threshold is

2 2 "2
et/2 AR A )
and can be written

2 1/2
a 1 a a -1 1
2( K ) Y4 7Tea T g tan - o D)E

Rl
where a 8 A/D“ . This expression can be solved for
D as a function of a and then the threshold (SNR)j,
can bhe obtained by relating itto a . ‘The result is
shown in Fig. 17. For deviation ratios D > 1, agood

approximation is (SNR)y - 1.27/D .
or l

8 of P

2 : \ ,— APPROYIMATELY

= L t 2770 FOR D1

& of =

i

Z-20F -

9
-30 Adaaaad o o2og o2 gasul il L

! i 10 00 1000
DEVIATION RATIO D

Fig. 17 Threshold (SNR)ip as a function of the devia-
tion ratio for the maximum-likelithond estimator
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Comparison of the Discriminators

Each of the three types of discriminators has been
evaluated on the basis of its threshold value of input
SNR for a prescribed type of frequency modulation.
When optimum post-detection filtering is used and the
discriminators are operating at SNR well above their
thresholds, the relationship between the output and in-
put SNR is the same for each type. Thus, it is quite
meaningful to compare the performance of the discrim-~
inators on the basis of their thresholds.

In Fig. 17, the threshold input SNR is plotted as a func-
tion of the deviation ratio for each of the discriminator
types. In each example, the equivalent noise bandwidth
Byt is assumed to be w(D + 1)fy,, the minimum
value consistent with low distortion of the signal
waveform. The + 10 db threshold SNK of the conven-
tional or "ideal" discriminator is shown in the figure
for comparison.

At small deviation ratios D < 1 the thresholds of the
two-phase coherent discriminators (phase-lock and
maximum-likelihood) actually decrease with decreases
in the deviation ratio. The reason for this effect is that
the maximum phase excursion caused by the modulation
is less than 1 radian in this region. Thus, transient
errors are of little significance in determining the
threshold, and the noise can be sharply filtered. Of
course, for small deviation ratios and low input SNR
the output SNR is so small as to be of limited usefulness.
Furtheimore the deviation caused by drifts in the oscil-
lator center frequencies may have to be taken into
account with this type of operation,

The frequency-lock discriminator shows no improve-
ment over the ideal FM discriminator for small devia-
tion ratios. The explanation for this behavior, of course,
is that the IF filter has a minimum bandwidth of

BIF = 2fp,, the same as the RF bandwidth B, .
Hence, the IF filter does not remove any significant
amount of noise from the signal.

At deviation ratios D > 1 all three types of discrim-
inators provide a reduced threshold input (SNR). As
expected, the maximum likelihood FM discriminator
has the lowest threshold SNR for all values of the devia-
tion ratio; at high deviation ratios, it has

(SNR)IT = 1.27/D. The reason for this superiorit- is
that the discriminator is not constrained to real time
operation, and the loop filtering can thereby be much
more effective. However, as has been stated, the com-
plexity of the waveform generator required of this type
of discriminator makes it unsuitable for all but the most
elementary classes of modulation functions,

1t is shown in Fig. 18 that the phase-lock discriminator
is superior in performance to the frequency-lock dis-
criminaior for small and moderate values of the devia-
tlon ratio (D < 25). This behavior can be made plausi-
ble by pointing out that the phase-lock discriminatoris
a phase-coherent device, while the frequency-lock dis-
criminator tracks instantaneous frequerncv.
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Fig. 18-Comparison of the threshold input SNR for the
discriminators as a function of D.

In vther words, when the discriminator is locked-on
the VCO output is phase coherent with the signal and

is noncoherent with the noise. As a result, the noise
power in the multiplir output has decreased relative
to the signal component by a factor of 1,/2 from its
value before the multiplication operation. (This change
in noise level is analogous to that found in the synchro-
nous detection of AM signals.) Therefore, the phase
coherence of the phase-lock loop can be an {mportant
advantage and, evidently, is of dominating importance
for deviation ratios D < 25. At larger values of the
deviation rativ, the frequency-lock discriminator equals
or surpasscs performance of the phase-lock loop.

This effect can be attributed, at least in part, to a
basic difference in the threshold errors of the two dis-
criminators. The threshold phase error for the phase-
lock loop is fixed,| e | = 1 is used in the linearized
analysis, whereas threshold frequency error for the
frequency -lock discriminator is dependent upon an
adjustable quantity, the IF bandwidth. The IF bandwidth
can, of course, bhe optimized for a given type of mod-
ulation, and in this sense provides a degree of freedom
that does not exist in the phase-lock loop. It is inter-
esting to note from (23) that if the IF bandwidth is fixed,
perhaps at its optimum value for D = i, then the fre-
quency errors hecome of dominant importance as D

is increased. In this circumstl%ce, the threshold in-
put SNR is proportional to D~ for large D | the
same relationship as obtained with the phase-lock loop.
By optimizing the IF bandwidth as is done in this paper
the threshold input SNR can vary in propnrtion to D“"’/'%
and, as a result, allows the frequency-lock discrimin-~
ator to surpass the performance of the phase-lnck dis-
criminator at large deviation ratios.
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The results of this paper, however, do not permit the
conclusion that the frequency-lock technique is superior
to the phase-lock technique at large deviation ratios
where higher-order transfer functions are allowed.

The analysis becomes substantially more complex,
however, as the order of the transfer function is in-
creased to third, or higher order. Furthermore, con-
straints must then be placed on the closed-loop trans-
fer function in order that the loop filter required be
realizable. The absence of poles in the right half-
plane of the closed-loop response is insufficient for
relizability of the loop filter.
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Appendix A

In this appendix, the phase lock loop, closed-looptrans -
fer function is assumed to have the form,

iy = o1 5
1+ h1 p o+ b2p
The parameters of this function are to be optimized so
as to minimize the rms total phase error in the modu-

lation estimate. From (8) the transient phase error can
be evaluated as

¢ £ Twih -my? 4 p2,47172 :
d ( a)” + h,w
= li-Hgwal = 9 [ Al 2a !
a ’ : - w “

v i w, hz) u'nhl
The t. .nsient error is largest for fa = f_ the max-
imum modulation frequency, and this value will be
assumed henceforth. For large deviation ratios and |
el = 1, this expression can he stmplified to :

2
th, - a)

i (27)

,_.
———
- ™
ta
[
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2 4
B hg(um

MISSILES and SPACE DIVISION




These conditions of large deviation ratio and | €¢ | be-
low the threshold value are of major importance in this
paper, and it is for these conditions that the closed-loop
transfer function is optimized.

The mean square phase noise error can be computed
from (7) and found to be
G, (0) .
az

o0 ¢
2 2 n
o, = f G¢n(£)IH(jw)| df = b, 1+ b, (28)

(0) for deviation ratios D > 1. It can

)
n
be shown from (2) that the power-spectral density

-1
G ¢n(0) = [ZBrf(SNR)m] ,

where Brf is the equivalent noise bandwidth.

where G, {f)=G
¢n

Thus, the total mean square phase error is of the form

2
o,

2 2
= et/2+ o

and has the representation
2_0% | - a2 + b2 .
op=7 |Py ¥ ¥y * Py

(4] b2+ a2

* S ENR |6,
2Brf(SNR)ln “m’1°2
Define the quantities

2
=80 ﬂl B blwm' Bg= bz“’m' B= 7I'wm/ZBrf(SNR)in

Then this expression can be rewritten

———

1t is easily seen that the optimum value of « is bounded
by0<ac< ﬁl. A go;)d approximation to the approxi-
mate minimum of o",i. {s obtalned with o = Bl , and this
value of @ will be used. The optimum value of Bz is
then ﬁf. and the resulting close-loop transfer function

is

. t*+ap
H(p) = )
l1+ap+ap

The pesak transient error (27) now has the value

€ =Dazw2.
t m
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and the mean square noise error (28) is
2 -1
o= [4 aBrf(SNR)m] .
Hence the input SNR is reiated to the transient and
nolse phase errors by the equation
wf

m
172 2
Brf(et/D) o

(SNR) =

This result is the same as (10) in the text,

Appendix B

Optimization of the Frequency-Lock Transfer Function

The closed-loop transfer function of the frequency-lock
discriminator is considered to have the form

H(p) = 3
1+ blp + b2p

When sinusoidal frequency modulation at frequency fa

1s applied to the signal, the peak transient frequency
error can be found from (18) to be

rtp= fdll - H(jwa)l

2 2 2 4
blwa + bzwa

B (1—b2w:)7'+b

d

The maximum transient error occurs for fy =f_., the
maximum modulation frequency, and this modulation
frequency will be used. For large ratios of the fre-
quency deviation to the transient frequency error, the

situation of greatest interest, this expression reduces
to

.22 24
(/T by * by,

The mean square value of the frequency nolse error can
be computed from (19) and has the value

an

o? - fcf O HGw) [ 2df

n el ne

where G€ (f) 1s the power spectrum of the equivalent
‘ne
frequency noise input,

2
G, (f)=1{"/]12B_,(SNR) .
fno [ rf in
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Thus Gf (f) 1s a parabolic power spectrum. Evaluation
ne

of this integral gives the result

2 2 -1
afn = [161r Brf(SNR)mblbz]

If we now define
B =b.w_, B, =b.w?, B=rt> /| 2B_(6NR)
1 1'm'"2 "2°m’ m rf in |’
then the mean square total frequency error,

62
fT

2

2
=f£°/2+ 0o
tp fn

is

2-43-61-2

This expression is symmetrical witk respect to ﬁl-and
B, and is minim:zed by setting By =By Lee.s b2=b1/wm.

Hence the optimum form of H(p) is

H(p) = 1

LT,
1+ hp oyp/w

The resulting mean square error is then
2 _ .22 2
opp = 14fy *+ B/By
This error is mninimized if
_(a/e2\1/4
8, = (B34,
and thus the minimum mean square frequency error is

1/2
ol = 2 Bl/2 —-————-21rfm :
fT d . Brf(SNR)in

The square raot of this quantity, Oep? gives (22) of the
text. '
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